The article contains a new proof that the Hilbert scheme of irreducible surfaces of degree in P +1 is irreducible except = 4. In the case = 4 the Hilbert scheme consists of two irreducible components explicitly described in the article. The main idea of our approach is to use the proof of Chisini conjecture [Kulikov Vik.S., On Chisini's conjecture II, Izv. Math., 2008, 72(5), 901-913 (in Russian)] for coverings of projective plane branched in a special class of rational curves.
Introduction
The following theorem is well known, see, for example, [3] .
Theorem 1.
Let X ⊂ P +1 be an irreducible complex projective surface which is not contained in a proper projective subspace of P +1 . Then deg X ≥ ≥ 2 and if deg X = then X = X is one of the following surfaces: * E-mail: bogomolo@cims.nyu.edu † E-mail: kulikov@mi.ras.ru
• X is a Hirzebruch surface F , where 0 ≤ < , ≡ (mod 2), the embedding of F in P +1 is given by means of the linear system |E + L|, where E is the exceptional section of F with self-intersection number (E ) F = − , L is a fiber of the ruled structure on F , and = ( + )/2 (if = 0 then E 0 and L are fibers of projections of F 0 P 1 × P 1 onto, respectively, the first and second factors);
• X is a cone over a normal rational curve S ⊂ P ⊂ P +1 of degree spanning P and it is the image of F in P +1 of the morphism given by the linear system |E + L|;
• = 4 and X 4 is the projective plane P 2 embedded in P 5 by the Veronese-2 embedding.
In particular, X always is rational.
Denote by S a generic hyperplane section of X ⊂ P +1 . Then S is a normal rational curve with (S 2 ) X = and hence (S K X ) X = − − 2, where K X is the canonical class of X . By the Riemann-Roch Theorem, for ∈ N we have
Let Hilb ( ) be the Hilbert scheme of irreducible surfaces in P +1 with Hilbert polynomial ( ) and let H be, respectively, the subscheme of the scheme Hilb ( ) whose points correspond to the surfaces X F for < , and for = the points of H correspond to the cones over normal rational curves S ⊂ P spanning P . Denote also by H 4 P 2 the subscheme of Hilb 4 ( ) whose points correspond to Veronese-2 images of P 2 . The following proposition is well known. It was proved initially by Eisenbud and Harris in [4] . Our approach is based on the proof of Chisini's Conjecture for generic linear projections, given in [6] .
Proposition 2.

For < , ≡ (mod 2), the variety H is irreducible of dim
It is worth to point out that in some natural algebro-geometric moduli problems the incidence structure of degenerations is far from simple and a natural complex associated to degenerations has a rather nontrivial topology. For example, this effect already occurs for complete degenerations of surfaces in P 3 with ordinary singularities, see [8] . We also expect that the same approach can prove to be useful in similar questions related to degenerations of other type of surfaces.
For completeness of the exposition we include the proof of Proposition 2 in the article. It is contained in Section 3. The invariants of branch curves for generic linear projections of surfaces X ⊂ P +1 onto the plane P 2 are studied in Section 4. In Section 5, we show that the branch curves discussed above are dual to rational curves immersed into P 2 if X is not isomorphic to the projective plane. In Section 6, we show that for each the variety of the branch curves above is irreducible if X P 2 . In Section 7, we complete the proof of Theorem 3. In Section 8, we provide a necessary and sufficient conditions for the ordinary cuspidal plane rational curve to be the branch curve of a generic linear projection of a surface X ⊂ P +1 onto the plane
The main properties of ruled rational surfaces, which we use in the article without references, can be found in [11] or in [9] .
The smallest degree embeddings of F into a projective space
Let us show first that the surfaces F with projective embeddings defined by the spaces of sections of line bundles E + (( + )/2)L, < , are indeed projective surfaces X ⊂ P +1 . Here E denotes the unique rational curve with negative square − in F and we also denote by E the corresponding line bundle on F for > 0 when it does not cause a confusion. Similarly, we denote by E 0 a selected rational curve with square 0 in F 0 = P 1 × P 1 and by E 0 the corresponding line bundle. Also, we denote by L a fiber of the regular projection π : F → P 1 which induces an isomorphism on E → P 1 and by L the corresponding line bundle on F .
Let us describe the line bundles R corresponding to the divisor R which provide projective embedding for F mapping lines L into lines in the corresponding projective space.
The action of Aut(F ) on F has two orbits: E and F \ E . The action of Aut(F ) on both of them is two-transitive. In particular, a line bundle R with a section which is not identically zero on E and having non-constant restriction on some fiber L of the projection π is ample. The canonical divisor
We have (E + L) 2 F = 2 − and the Euler characteristics χ(E + L) = 2 − + 2 by the Riemann-Roch formula for surfaces. Since (F ) = (F ) = 0, we obtain that dim
The subspace of sections which are identically trivial on E is isomorphic to H 0 (F L) and dim H 0 (F L) = + 1 which is strictly less than dim H 0 (F E + L) for < . Thus for 0 ≤ < we obtain that E + L has a section which is not identically zero on E . Since the bundle E + L is also non-constant on L, the bundle E + L is ample and H 0 (F E + L) provides an embedding into the space P +1
, where + 2 = dim H 0 (F E + L). Since the degree of the resulting surface is bounded by (E + L) 2 F we obtain that dim H 0 (F E + L) = 2 − + 2. Thus = 2 − and hence = 1/2( + ) as claimed.
Proof of Proposition 2
Consider the variety H , ≥ ≥ 0, ≡ (mod 2). By Theorem 1, the points of H parametrize the images of the morphisms :
given by the complete linear series |E + (( + )/2)L| for > 0. Hence all surfaces X ∈ H are projectively equivalent in P +1 . Thus for > 0 the Hilbert scheme H is isomorphic to the quotient PGL( + 2 C)/Aut(X ), where the group Aut(X ) is an algebraic subgroup of PGL( + 2 C) mapping a surface X ∈ H into itself. In particular, for > 0 the space H is an irreducible homogeneous quasi-projective variety. The same holds for = 0 with
where E 0 is a fiber of the first projection and L is a fiber of the second projection onto P 1 .
Let us describe the group Aut(X ). Any algebraic automorphism of F into itself maps E into itself for > 0 and commutes with a natural projection of π : F → E . In particular, it acts trivially on Pic(F ) and hence the group of algebraic automorphisms Aut(F ) coincides with Aut(X ) for > 0. Since F = P(O P 1 ⊕ O P 1 ( )) any projective automorphism of P 1 lifts to a projective automorphism of F . Thus the group Aut(F ), > 0, surjects onto PGL(2). The kernel of the surjection consists of fiberwise automorphisms for the projection π . It contains abelian normal subgroup generated by the space of sections H 0 (P 1 O P 1 ( )) which is equal to C +1 extended by C * if > 0. The latter acts on C +1 as a group of homoteties, see for example the description of Aut(F ) in [2] . Thus, for > 0 the space
In the case = 0 the group Aut(X ) = PGL(2 C) × PGL(2 C) is a subgroup of index 2 in the group Aut(F 0 ) and hence
Generic projections of X onto P 2
Consider a non-singular surface X ⊂ P +1 . If X F then it has the following invariants: K 2 X = 8 and the Euler characteristic (X ) = 4. If X 4 P 2 then K 2 X 4 = 9 and (X 4 ) = 3.
Let : X → P 2 be the restriction to X of a linear projection pr : P +1 → P 2 generic with respect to X . Denote by B ⊂ P 2 the branch curve of . Then is a finite morphism of deg = deg X = and it is well known, see, for example, [1] , that the branch curve B is an ordinary cuspidal curve, that is, the singular points of B are the only ordinary nodes and ordinary cusps. Such morphism is called a generic covering.
In the general case, if B ⊂ P 2 is the branch curve of a generic covering : Z → P 2 of degree , then we have, see [5, Lemmas 6, 7] ,
where = deg B, and are respectively the number of cusps and nodes of B, and is the geometric genus of B.
Lemma 4.
If X
, and = 0. In the case X Proof. The case X 4 P 2 is well known. Consider the case X F . The restriction of to a generic hyperplane section S is a generic covering : S → P 1 of a generic line P 1 ⊂ P 2 . The covering : S → P 1 has degree and it is branched at (B P 1 ) P 2 = deg B = points of B ∩ P 1 . Therefore, by the Hurwitz formula, we have
Since K 2 F = 8 and (F ) = 4, it follows from (1) and (2) that = 0 and = 3 − 6. Now,
Lemma 5.
Let B be the branch curve of a generic projection : X → P 2 of the cone X ⊂ P +1 over a normal rational curve S ⊂ P of degree . Then B consists of 2( − 1) lines in P 2 passing through the image ( ) of the vertex of the cone X .
Proof. The base locus I of a projection pr : P +1 P 2 which is generic with respect to the cone X , = pr X , is a linear subspace of P +1 , dim I = − 2. Consider a generic hyperplane P 0 ⊂ P +1 , P 0 P , containing I. Without loss of generality, we can assume that X is the cone over S = P 0 ∩ X . The restriction S of to S is a generic degree covering of P 1 by the non-singular rational curve S. Therefore, by the Hurwitz formula, = deg B = 2( − 1).
Let 0 be a ramification point of S and let P 1 and P 2 be two different hyperplanes in P 0 passing through 0 and containing I. Since 0 is a ramification point of S , the tangent line T 0 (S) of the curve S at 0 is contained in P 1 ∩ P 2 .
Let P 1 (respectively, P 2 ) be the hyperplane spanned by P 1 (respectively, P 2 ) and the line L passing through 0 and . We have
(pr(L)) and T ⊂ P 1 ∩ P 2 , where the dimension two linear space T ⊂ P +1 is spanned by T 0 (S) and the vertex . The plane T is the tangent plane of X at each point ∈ L, = . Therefore L is contained in the ramification locus of and hence the line pr(L) ⊂ B.
Dual curves of branch curves
Let (C ) ⊂ (P 2 ) be a germ of reduced plane curve. It splits into several irreducible germs: (C ) = (C 1 )∪· · ·∪(C ). Denote by the multiplicity of (C ) at the point and let δ be the δ-invariant of the singularity (C ). The integers
are called respectively the number of virtual cusps and the number of virtual nodes of the germ (C ). We have δ = + . Note that
• if (C ) is the ordinary cusp, then = 1 and = 0;
• if (C ) is the ordinary node, then = 0 and = 1.
Let Sing C be the set of singular points of a reduced curve C ⊂ P 2 . Denote
and call these integers, respectively, the number of virtual cusps and the number of virtual nodes of the curve C . If C is an irreducible curve of degree and geometric genus , then = ( − 1)( − 2)/2 − δ C , where δ C = ∈Sing C δ is the δ-invariant of the curve C .
We say that a curve C is immersed if its number of virtual cusps vanishes. It is easy to see that C is an immersed curve iff each its irreducible germ (C ) at a singular point ∈ Sing C is non-singular.
Let C ⊂ P 2 and C ⊂ P 2 be dual curves of genus , deg C = ≥ 2, deg C = , and the numbers of their virtual cusps and nodes respectively. The following equalities are called Plücker's formulae, see [3, 7, 10 ]:
It follows from (3) and (4) (respectively, from (5) and (6)) that
Remark 6.
It is easy to see that if and are, respectively, the numbers of ordinary cusps and ordinary nodes of an ordinary cuspidal curve C , then = and = .
Lemma 7.
Let B ⊂ P 2 be the dual curve of the branch curve B ⊂ P 2 of a generic projection : X → P 2 , X P 2 . Then B is an immersed rational curve of degree . 
Proof. By Lemma 4 and
Lemma 8.
Let B ⊂ P 2 be an ordinary cuspidal curve dual to an immersed rational curve B ⊂ P 2 of degree = . Then B is the branch curve of a generic projection : X → P 2 of some Hirzebruch surface F X imbedded in P +1 by the linear system |E + L|, where < , ≡ (mod 2), and = ( + )/2.
Proof. Let X be the normalization of the surface
and let the morphism : X → P 2 be induced by projection pr 1 : P 2 × P 2 to the first factor. It is clear that ( 0 1 2 ) ∈ B if the line = 0 is not tangent to B. In this case −1
( ( 0 1 2 )) has exactly points, that is, deg = and B is the branch curve of . Since B is an ordinary cuspidal curve, it is easy to see that is a generic covering. Applying Plücker's formulae and performing calculations as in the proof of Lemma 8, we obtain that = deg B = 2( − 1), = 2( − 2)( − 3), and = 3 − 6. By the Hurwitz formula, the genus (S) of the preimage S = −1
Therefore X is a rational surface. By (1), we have
and, by (2), (X ) = 3 + 2(
Therefore X is a Hirzebruch surface F for some .
The divisor S = −1 (P 1 ) is ample, since is a finite map onto P 2 . We have (S 2 ) X = and (S) = 0. Therefore (K X S) X = − − 2 and hence, by the Riemann-Roch Theorem, we have
Consequently, the linear system |S| defines an embedding X = X → P +1 such that becomes a generic projection of X onto P 2 and hence X F , where < , ≡ (mod 2), and S ∈ |E + L|, where = ( + )/2. Note that any ample divisor on X is in fact very ample.
Denote by B the space of branch curves of generic projections : X → P 2 of the smooth surfaces X ⊂ P +1 of degree .
The irreducibility of B for = 4
In this section we prove the following
Proposition 9.
The space B is irreducible if = 4. Let R be the space of irreducible immersed rational curves C ⊂ P 2 of degree . Obviously, R is irreducible, since it is isomorphic to a Zariski open subset of P 3 /PGL(2 C), where P is the vector space of homogeneous polynomials in two variables of degree . Also, it is obvious that the subspace R of R , consisting of the curves C ∈ R for which the dual curves C are ordinary cuspidal, is everywhere dense in R and hence R is irreducible.
By Lemmas 7 and 8, for = 4 (respectively, if = 4) the space B (respectively, B 4 0 ) is naturally isomorphic to R and therefore it is irreducible.
Proof of Theorem 3
Let ( . Therefore, the number of irreducible components of Hilb 0 coincides with the number of irreducible components of H .
Lemma 10.
For each the variety H is irreducible.
Proof. Consider the morphism β : H → B , where β ((X ( 0 1 2 ))) is the branch curve of generic projection = pr ( 0 1 2 )|X : X → P 2 . By Lemma 9, the image β(H ) is irreducible. Therefore to prove Lemma 10, it suffices to show that β −1
(B) is irreducible for each B ∈ β(H ).
Note that the group Aut(P +1 ) = PGL( + 2 C) acts naturally on H as follows: if I X is a homogeneous ideal of forms defining the surface X ⊂ P , then ((X (  0 1 2 ) 
, where the homogeneous ideal of the surface * (X ) is * (I X ). Now the following three claims imply Lemma 10.
Claim 1. For each B ∈ β(H ) the variety β −1 (B) is invariant under the action of Aut(P +1
).
Obvious.
Claim 2. For each B ∈ β(H ) we have
Obvious, since Aut(P +1 ) acts transitively on L .
Claim 3. For each B ∈ β(H ) the fibers of the map
It follows from the definition of the action of Aut(P +1 ) on H that Aut(P +1 ) acts transitively on the fibers of 2 : β −1 (B) → L . Therefore, by Claim 2, it suffices to show that β −1 0 1 2 )). Then, by [6, Corollary 1], there is a linear transformation
such that ((X 1 ( 0 1 2 ))) = (X 2 ( 0 1 2 )). Conversely, it is easy to see that for ∈ Aut(P +1 ) of the form (8) we have ((
To complete the proof of Claim 3, it suffices to note that the subvariety of linear transformations ∈ Aut(P +1 ) of the form (8) is irreducible.
Lemma 11.
The variety H is contained in the closure H of H for each < , ≡ (mod 2).
Proof. Consider a cone X 0 ⊂ P +1 , X 0 ∈ H . Without loss of generality, we can assume that in homogeneous coordinates 0 +1 in P +1 the vertex of the cone X 0 is the point = (1 0 0) and a hyperplane P ⊂ P +1 given by 0 = 0 is such that the curve S = P ∩ X 0 is non-singular. Note that if
is the set of homogeneous equations defining S in P, then the same set of equations defines X 0 in P +1 . Claim 4. For each < , ≡ (mod 2) there is an embedding : F → P +1 given by the linear system |E + L|, = ( + )/2, and such that (F ) ∩ P = S.
The rational curve S P 1 is embedded in P = P by means of a complete linear system | |, ∈ S. Let C ⊂ F be a smooth curve, C ∈ |E + L|. Note that C is a rational curve and (C C ) F = . Claim 4 follows from the exact sequence
Consider the embedding : F → P +1 which exists due to Claim 4. Denote by X 1 = (F ) ⊂ P +1 . Let
be a set of homogeneous equations defining X 1 in P +1 . Then the equations
define S in P and, without loss of generality, we can assume that N 0 = N 1 and G (0
Let us write the homogeneous polynomials G in the form
where = deg G , and consider a family of surfaces X ⊂ P +1 , ∈ C, given in P +1 by equations
It is easy to see that X ∈ H for each = 0 and X 0 ∈ H .
The following lemma completes the proof of Theorem 3 and its proof is similar to the one of Lemma 11.
Lemma 12.
The variety H 4 4 is contained in the closure H 4 P 2 of H 4 P 2 .
Strong generic projections of the surfaces X ⊂ P +1
Let X ⊂ P +1 be isomorphic to F for some < and : X → P 2 be a generic projection. We say that is strongly generic if its restriction to E defines an immersion of E in P 2 . Obviously, for given X ⊂ P +1 , X F , the set of strongly generic coverings : X → P 2 is everywhere dense in the space of linear projections pr : P +1 P 2 .
Let B ⊂ P 2 be the branch curve of a generic projection and R ⊂ X the ramification locus of . It is well known, see, for example, [5] , that R is a non-singular curve.
On one hand, the canonical class K X = −1 (K P 2 ) + R. On the other hand, we have
For a line P 1 ⊂ P 2 its preimage −1 (P 1 ) ∈ |E + L|, where = ( + )/2, and hence
Proposition 13.
A generic projection : X → P 2 of a surface X F −2 is strongly generic. An ordinary cuspidal rational curve B ⊂ P 2 of degree 2( − 1) is the branch curve of a generic projection : X → P 2 of a surface X F −2 iff the dual curve B of B is an immersed rational curve of degree having simple singular point of multiplicity − 1.
Proof. We have = − 2. A hyperplane section S of X belongs to the linear system |E −2 + ( − 1)L|. Therefore (E −2 S) X −2 = 1 and hence E is a morphism of degree one onto a line C in P 2 . Therefore is strongly generic.
The preimage
(C )) = C is a line, the intersection of each of these fibres L and E −2 belongs to the ramification locus R of . Therefore, the line C is an ( − 1)-tangent line of the cuspidal curve B of degree 2( − 1) and, therefore, the dual curve B is an immersed curve of degree having only one singular point of multiplicity − 1. Moreover, this singular point is a simple singularity, that is, all its irreducible germs have pairwise different tangents.
Conversely, let B be an ordinary cuspidal rational curve of degree 2( + 1) such that its dual curve B is an immersed rational curve of degree having simple singular point of multiplicity − 1. Let us show that B is the branch curve of a generic projection : X → P 2 of a surface X F −2 .
By Lemma 8, there is such that the curve B is the branch curve of a generic projection : X → P 2 of X F .
Let C ⊂ P 2 be a line corresponding to the singular point of B. Then C is an ( − 1)-tangent of B. Moreover, since deg B = 2( − 1), each intersection point of B and the line C is a tangent point. Therefore the curve −1 (C ) = S ∈ |E + (( + )/2)L| has − 1 ordinary nodes, the intersection points of S and the ramification divisor R of . The arithmetic genus (S) vanishes, since a generic element of |E + (( + )/2)L| is a smooth rational curve. Therefore, the curve S is the union of non-singular rational curves, whose dual graph is a tree. All of these curves except one, that is, − 1 curves, are fibres (linear equivalent to L) of the ruled structure on X F and the last one is linear equivalent to E + L for some ≥ 0. Since < and ≡ (mod 2), we have only one possibility: = − 2.
Claim 5. For each ≥ 2 there is an everywhere dense subset U ⊂ B such that B ∈ U iff B is the branch curve of a strongly generic projection : X → P 2 .
It is easy to see that for each surface X F in P +1 of degree , < , ≡ (mod 2), the set of strongly generic projections is everywhere dense in the set of all linear projections of X onto P 2 .
Consideration of strongly generic projections gives rise to some interesting observations about properties of generic cuspidal rational curves B ⊂ P 2 whose dual curves B are rational nodal curves. For example, if we consider strongly generic projections : X 4 → P 2 , X 4 F 0 = P 1 × P 1 , then we obtain that for a generic cuspidal curve B of degree 6 (the branch curve of ) dual to a nodal curve of degree 4 there is a one dimensional family of conics (almost all fibers E 0 ) touching B at 8 points.
